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) in Rn×(0, T ),
uε(x, 0) = u0(x) ∈ L2(Rn), (1)where u0 is the initial data, and the oeients a(y, s), ρ(y) and g(y, s, u) are
1-periodi in y and s. The unknown uε is the onentration of some hem-ial speies diusing in a porous medium of porosity ρ(y), with diusivity
a(y, s) and reating with the bakground medium (for example by absorp-tion/desorption) through the nonlinear term g(y, s, u). The fat that theoeients vary periodially in time an be interpreted as a rude modellingof some exterior foring (like another hemial reation). In addition to usualassumptions on the oeients (see the next setion for details), we makethe ruial assumption on entering of the nonlinear term, namely we assumethat, for eah u ∈ R,
∫
[0,1]n+1






+ F (u) · ∇u+ V (u) in Rn×(0, T ),
u(x, 0) = u0(x) ∈ L2(Rn),
(2)2
where the eetive veloity F (u) and eetive potential V (u) are expliitnon-linear funtions dened in terms of orretors or solutions of the so-alled ell problems. There are two interesting features of the above eetiveoperator. The rst one is the appearane of the rst order term in the limitoperator, even if the original equation is formally self-adjoint. This eet isdue to the time osillation of the oeients in (1). Indeed, if the oeientsdo not depend on the temporal variable s, then simple omputations showthat the veloity F (u) vanishes, see Remark 4 below.The seond feature is that, in ontrast with the original equation whihhas nonlinearity only in the zero order term, the limit operator also inludesa nonlinear rst order term, in other words the nonlinearity an jump tothe next higher order term. This asymptoti phenomenon is well-known inphysis and mehanis. For several models it has also been justied in themathematial literature, see for instane [10℄.The fat that onvetion an arise from the homogenization of a purelydiusion-reation problem is already known and has several interesting appli-ations. This eet was rst disovered in nulear reator physis in [9℄ andlater rigorously justied by homogenization arguments in [6℄, [7℄. It is alsoan important phenomena in reative transport through porous media whereonvetion an be enhaned by hemial reations [3℄, [4℄, [11℄, [12℄. Finally,it is an explanation for the origin of bio-motors [14℄. On the other hand,the transmission of the nonlinearity from the reative term in the originalequation (1) to the onvetive term in the eetive equation (2) is anotherevidene of the strong oupling between onvetion and hemial reationsin reative transport through porous media.Large zero-order terms have already been homogenized in the linear asewhen they sale like 1/ε2 [5℄. In suh a ase the fatorization tehnique allowsus to separate a periodially osillating part ψ(x/ε) of solutions so that theremaining part uε/ψ(x/ε) has a regular behaviour, see [2℄, [4℄, [8℄. However,3





































) in Q×(0, T ),
uε(x, t) = 0 on ∂Q×(0, T ),
uε(x, 0) = u0(x) ∈ L2(Q), (3)in a Lipshitz domain Q ⊂ Rn, for some given nal time T > 0. Notie thatthe domain Q might be either bounded or unbounded. In the ase Q = Rnproblem (3) turns into problem (1).We assume that the oeients of (3) satisfy the following properties:A1. Uniform elliptiity. The matrix aij is real, not neessary symmetri,positive denite: there exists Λ > 0 suh that
‖aij‖L∞(Rn+1) ≤ Λ−1, 1 ≤ i, j ≤ n,4
aij(y, s)ξiξj ≥ Λ|ξ|2 for all (s, y) ∈ Rn+1, ξ ∈ Rn.A2. Positivity. There exists Λ > 0 suh that
Λ ≤ ρ(y) ≤ Λ−1 for all y ∈ Rn.A3. Periodiity. The density ρ(y) is [0, 1]n-periodi, and the entries of thematrix a(s, y) are [0, 1]n+1-periodi. Without loss of generality we as-sume that
∫
[0,1]n






g(y, s, u)dsdy = 0.A5. Lipshitz ontinuity. We assume that there exists a nite onstant
0 < C < +∞ suh that, for any y, s ∈ [0, 1]n+1 and u ∈ R,
|∂ug(y, s, u)| ≤ C ,
|∂ug(y, s, u1) − ∂ug(y, s, u2)| ≤ C|u1 − u2|
(
1 + |u1| + |u2|
)−1



















≤ C(1 + |u|)−1.A6. Equilibrium ondition. We assume that 0 is a possible solution of (1)or (3), i.e.,
g(y, s, 0) = 0 for all y, s ∈ [0, 1]n+1.5
In a standard way one an show that under the above assumptions foreah ε > 0 problems (1) and (3) have a unique solution uε, moreover uε ∈
L2(0, T ;H1(Q)) ∩ C(0, T ;L2(Q). However, due to the presene of the fator
1/ε in front of the zero order term in the studied equation, the standardenergy estimates are not uniform in ε. In the next setion we improve theseestimates and show that uniform in ε a priori estimates hold.3 A priori estimates and ompatnessWe begin this setion by obtaining uniform a priori energy estimate for thesolution uε. In the sequel, Q stands either for Rn, as in the ase of problem(1), or for a Lipshitz open subset of Rn, in the ase of the boundary-valueproblem (3).Lemma 1. Under assumptions A1.A6. the following estimates hold true
























































ḡ(τ, u) dτ, ḡ(s, u) =
∫
Y
g(y, s, u)dy, (5)and G(y, s, u)=∇yR(y, s, u) with R dened as the solution of
{
∆yR(y, s, u)= g(y, s, u)−ρ(y)ḡ(s, u) in Y,
R(y, s, u) is Y − periodi in y. (6)6
The right hand side of (6) has zero average in Y so R exists and is uniqueup to an additive funtion of variables s and u (whih does not matter inthe denition of G). This representation an be heked by straightforwardomputations. By onstrution and due to A5 and A6, we have
G(s, u) ≤ C|u|, |∂uG(s, u)| ≤ C, |∂uG(s, u1)−∂uG(s, u2)| ≤
C|u1 − u2|
1 + |u1| + |u2|
.and
G(y, s, u) ≤ C|u|, |∂uG(y, s, u)| ≤ C,
|∂uG(y, s, u1) − ∂uG(y, s, u2)| ≤
C|u1 − u2|
1 + |u1| + |u2|
.In partiular, ∂2G
∂u2




∣ ≤ C(1 +






















































































































uε(x, s) dxds ≡ I1+I2+I3+I4+I5+I6+I7.The terms on the right-hand side an be estimated as follows






|I3| + |I4| ≤ Cε
(




































































ε‖∇uε‖2L2(Q×(0,T )) + ‖uε‖2L2(Q×(0,T ))
)(with no boundary terms beause G(s, 0) = 0),











































































∇uε(x, s) · ∇uε(x, s) dxds










‖uε(·, s)‖2L2(Q)ds.This yields the desired bound by a standard appliation of Gronwall's lemma.In the ase of an unbounded domain Q we also need to show that thesolution uε remains loalized in spae as ε → 0.Lemma 2. In the ase of Cauhy problem (1) or unbounded domain Q in(3), for any δ > 0 there exists R = R(δ) suh that, uniformly in ε,
‖uε‖L2({x∈Q : |x|≥R}) ≤ δ.8
Proof. Let ϕ̃R be a ontinuous, pieewise linear funtion ϕ̃R : R+ 7→ Rsuh that ϕ̃R(r) = 0 for r ≤ R, ϕ̃R(r) = 1 for r ≥ 2R, and ϕ̃′(r) = 1/R for






































































(x, 0)u0(x)ϕR(x) dx;here aε(x, t) and ρε(x) stand for a(x/ε, t/ε2) and ρ(x/ε), respetively, and

































































































































































































































































εϕR(x)|∇uε(x, t)|2 + ϕR(x)|uε(x, t)|2
}
dxdt.Combining the above estimates and hoosing an appropriate value of µ, say

































γ + c2ε.Proof. We have









































































dxdt.Realling the estimate of Lemma 1 and the properties of G, one derives fromthe above relations that
|(ρεuε(·, t2), ϕ)L2(Q) − (ρεuε(·, t1), ϕ)L2(Q)| ≤ C(ϕ)
√
t2 − t1‖uε‖L2(0,T ;H1(Q))
+εC(ϕ)‖uε‖2L2(0,T ;H1(Q)) ≤ C(ϕ)(
√
t2 − t1 + ε),and the required bound follows.We proeed with the ompatness result.Lemma 4. The family (uε)ε>0 is relatively ompat in the spae L2(Q ×
(0, T )).Proof. The fat that the estimates of Lemmata 13 imply the ompatness of





αj(t)ej(x), αj(t) = (u











αj(t)ej(x).From the estimates of Lemma 1 it follows that ‖UεN‖L2(Q×(0,T )) goes to zero as
N → ∞ uniformly in ε. Then one an derive from Lemma 3 and, in the aseof unbounded domain Q, Lemma 2, that uN is ompat in L2(Q× (0, T )) forany N . This implies the desired ompatness. The reader an nd a detailedproof in [10℄.
12
4 Two-sale onvergene and orretorsIn this setion we study the two-sale limits of uε and its gradient, and intro-due the orretors required for passing to the limit in the original problem.As a rst step we apply the two-sale ompatness arguments (see [1,13℄). It follows from Lemmata 1, 4 that there exist a subsequene and limits
u(x, t) ∈ L2((0, T );H1(Q)), w ∈ L2(Q×(0, T );L2#(0, 1;H1#(Y ))) (the symbol
# indiates periodiity of the orresponding funtions) suh that, along thissubsequene,
uε −→
ε→0
u(x, t) in L2(Q× (0, T )) strongly, (9)
∇uε ⇀
ε→0








a(y, s)(∇yw + ∇xu(x, t))
)
+ g̃(y, s, u(x, t)) in Y
(y, s) → w is Y-periodi. (12)Proof. We rst hek that (12) is well-posed. Aording to [8℄, equation (12)has a Y-periodi solution whih is unique up to an additive onstant. Thus,under the normalization ondition ∫
Y
ρ(y)w(y, s, u)dyds = 0, the solution of(12) is unique. Moreover, due to the denition of g̃, integrating (12) withrespet to the spatial variable y, we nd that ondition (11) is also fullledby this solution of (12). 13
Let us now establish (12) by passing to the limit in the equation for uεwith a test funtion of the form






)with ϕ ∈ C∞0 (Q× (0, T )) and ψ ∈ C∞# ([0, 1]n+1) suh that〈ρψ〉y = 0 for any
s. By virtue of the last ondition, there is a smooth periodi vetor-funtion
Ψ = Ψ(y, s) suh that divyΨ = ρψ. Dierentiating in s gives divy∂sΨ =



























































), ∂sΨε = ∂sΨ(y, s)∣∣∣
y=x/ε, s=t/ε2
,





































∇u+ ∇yw(x, t, y, s)
)









ϕ(x, t)ψ(y, s)g(y, s, u(x, t)) dydsdxdt.14










∇u+ ∇yw(x, t, y, s)
)




















∇u+ ∇yw(x, t, y, s)
)









ϕ(x, t)ψ(y, s)g(y, s, u(x, t)) dydsdxdt.The seond integral on the left-hand side is equal to zero, and, sine ϕ is anarbitrary test funtion, we end up with the following relation
∫
Y
∇yw · ∂sΨ dyds = −
∫
Y




ψ(y, s)g(y, s, u(x, t)) dyds,whih holds for almost all (x, t) ∈ Q× (0, T ). The integral on the left-handside an be rewritten as follows
∫
Y











ρ(y)∂sw(x, t, y, s)−divy
(






ψ(y, s)g(y, s, u(x, t))dyds= 0
15





ρ(y)∂sw(x, t, y, s)−divy
(






ψ(y, s)g̃(y, s, u(x, t))dyds = 0 (13)It is straightforward to hek that the last identity also holds true for anyperiodi ψ = ψ(s). Indeed, sine ∫
Y
ρ(y)w(x, t, y, s)dy = 0, then
∫
Y
ρ(y)w(x, t, y, s)∂sψ(s) dy = 0,and thus ∫
Y
ρ(y)∂sw(x, t, y, s)ψ(s) dy = 0. Finally, sine any Y-periodi fun-tion ψ(y, s) an be represented as




ρ(y)ψ(y, s)dx, ψ1(y, s) = ψ(y, s) − ψ2(s),then the relation (13) holds for any ψ ∈ C∞# (Y), whih implies that w is asolution of (12).Remark 1. By linearity of (12) it is straightforward to hek that its solutionsatises
w(y, s, x, t) = χ(y, s) · ∇u(x, t) + w1(y, s, u(x, t)) (14)with χ and w1 being Y-periodi solutions of the following problems
ρ∂sχ− divy(a∇yχ) = divya, 〈ρχ(·, s)〉y = 0 for all s, (15)and
ρ∂sw1(y, s, u)− divy(a∇yw1(y, s, u)) = g̃(y, s, u),
〈ρw1(·, s, u)〉y = 0 for all s, u ∈ R. (16)16
5 Passage to the limitThe goal of this setion is to derive the eetive marosopi model and toprove the onvergene result, namely Theorem 3.For this aim we multiply equation (1) (or (3)) by a smooth funtion
ϕ = ϕ(x, t) whih is ompatly supported in Rn × [0, T ) (respetively, in





















∇yχ(y, s) + I
)










a(y, s)∇yw1(y, s, u(x, t))−G(y, s, u(x, t))
)










































ϕ(x, t) dxdt;here I stands for the unit n × n matrix, and, as above (see Setion 3),
∂sG(s, u) = 〈g(·, s, u)〉y, 〈G(·, u)〉s = 0, and divG(y, s, u) = g(y, s, u) −























































































































































∂ug̃(y, s, u(x, t))
(











ϕ(x, t)∂uG(s, u(x, t))g(y, s, u(x, t)) dxdtdydswith â the usual homogenized tensor, dened by â = 〈a(∇yχ + I)〉Y , and




a(y, s)∇yw1(y, s, u)dyds, F2(u) =
∫
Y




∂ug̃(y, s, u)w1(y, s, u)dyds, F4(u) =
∫
Y










+ divF1(u) − F2(u) · ∇u− F3(u) − F4(u),
u(x, t) = 0 on ∂Q× (0, T ),
u(x, 0) = u0(x) in Q. (17)18
The Dirihlet boundary ondition on ∂Q ome from the fat that the sequene
uε is weakly onverging in the spae L2((0, T );H10(Q)). Of ourse, there isno suh boundary ondition if the domain Q is the entire spae Rn.We summarize the above statements in the following proposition.Proposition 2. Under hypotheses A1A6 the sequene uε of solutions ofproblem (1) or (3) is relatively ompat in the spae L2(Q × (0, T )). Anysubsequential limit of uε is a solution of the limit problem (17).6 Properties of the eetive equationThis setion is aimed at proving the uniqueness of the solution of the homog-enized problem (17). For this we shall prove that all nonlinearities in (17)are Lipshitz ontinuous. The desired uniqueness will then easily follow.It is lear from their very denitions that the funtions F1(u) is Lipshitzontinuous while F2(u) is uniformly bounded and Lipshitz ontinuous:
|F1(u1) − F1(u2)| ≤ C|u1 − u2|, |F2(u2)| ≤ C,
|F1(u1) − F1(u2)| ≤ C|u1 − u2| for all u1, u2 ∈ R.The ase of F3 and F4 is slightly more involved.Lemma 6. Under the assumptions A1A6 the funtions F3 and F4 areLipshitz ontinuous.Proof. As an immediate onsequene of denition (5) of G we have
|G(s, u)| ≤ C|u|, |∂uG(s, u)| ≤ C,
|∂uG(s, u1) − ∂uG(s, u2)| ≤ C
|u1 − u2|
1 + min(|u1|, |u2|)
.If ∂uG is dierentiable in u, then the latter inequality implies that





g(y, s, u)∂uG(s, u)
)
∣
∣ ≤ C,and thus
|g(y, s, u1)∂uG(s, u1) − g(y, s, u2)∂uG(s, u2)| ≤ C|u1 − u2|. (18)In the general ase (18) an be obtained by means of smoothing ∂uG. Clearly,(18) implies the desired Lipshitz ontinuity of F4. The Lipshitz ontinuityof F3 an be justied in exatly the same way.We proeed with our main result.Theorem 3. Under assumptions A1A6 the sequene (uε)ε>0 of solutionsof problem (1) onverges, as ε → 0, in the spae L2(Q× (0, T )) towards theunique solution of problem (17).Proof. The onvergene has been proved in the preeding setion. Theuniqueness of the solution of (17) follows from Lemma 6 by means of Gron-wall's theorem. By uniqueness of the limit the entire sequene onvergeswithout any extration of a subsequene.Remark 4. If the oeients of equation (1) or (3) do not depend on thetemporal variable but only on the spaial variables, then ∂uF1(u)−F2(u) = 0so that the eetive equation does not ontain rst order terms. Indeed, for
a = a(y) and g = g(y, u) the funtions χ and w1, dened in Remark 1, aresolutions of the ellipti equations
−divy(a(y)∇yχ(y)) = divya(y)and
−divy(a(y)∇yw1(y, u)) = g(y, u) (19)respetively. Thus, we have







Dierentiating (19) in u we get
−divy(a(y)∇y∂uw1(y, u)) = ∂ug(y, u).Therefore,
∫
Y














a(y)∇y∂uw1(y, u)dy,and the desired relation ∂uF1(u) − F2(u) = 0 follows.Remark 5. The two-sale limit of the gradient ∇uε is given by (10) with wspeied in (14)(16).Referen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